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Nonlinear Dynamics of Slender Rods

A. Rosen,* R. G. Loewy,f and M. B. Mathew$
Rensselaer Polytechnic Institute, Troy, New York

The nonlinear equations of motion of a rod undergoing small strains and moderate elastic rotations are derived.
The derivation uses a variational approach and the equations of motion are obtained by applying Lagrange's
equations. The results of a recently developed "principal curvature transformation" are employed to account for
the structural aspects. Generalized coordinates are also used to establish an efficient analysis method. By a direct
perturbation of the nonlinear equations of motion, the relations governing the small vibrations of a rod
superimposed on finite static deformations are obtained. The theory is validated by comparing its results with
experimental results available in the literature. Good agreement is obtained. In addition, the influences of
nonlinear effects on such vibrations are pointed out and discussed.

Introduction

A NEW approach to the analysis of pretwisted rods subject
to loads sufficient to cause large deflections has been

developed.1'2 In this case, the term "large deflections" implies
nonlinear, coupled bending torsion behavior. The method is
based on a principal curvature transformation and the use of
generalized coordinates. The resulting theory has been checked
by comparing results obtained through its application to the
prediction of deflections under static transverse loads with
available experimental results and other theoretical calcula-
tions for such cases. These investigations have shown that the
new method is both accurate and efficient.

It is noted that the derivation in Refs. 1 and 2 deals only
with static cases. The purpose of the present paper is to
extend the static analysis of Refs. 1 and 2 to include dynamic
cases as well. An expression for the kinetic energy of a rod
undergoing relatively large displacements and moderately large
rotations is first derived. Then, by using Lagrange's equations
and the results of Refs. 1 and 2, the equations of motion of
the rod are obtained. Perturbation techniques are then applied
to yield the appropriate equations for small vibrations super-
imposed on finite deformations. As the final step, the validity
of these equations is checked by comparing experimental
results available in the literature for rods having zero pretwist
with the results of this new theory.

The Kinetic Energy of a Deformed Rod
A Cartesian system of coordinates x, y, and z is used to

describe the rod before and after deformation. In the unde-
formed state, the elastic axis of the rod coincides with the x
coordinate line. The rod root is positioned at x = 0 and its tip
at x — L, Each material point of the rod is characterized in
terms of its coordinates (x, y, z) in the undeformed states and
ex, ey, and ez unit vectors in the directions of the coordinate
lines x, y, and z, respectively.

The translational displacements of each point on the elastic
axis are defined by the components u, v, and w in the
directions ex, ey, and ez, respectively. In addition, there is a
rotation of the cross section about its local elastic axis by an
angle <f> (for a more detailed discussion of elastic rotations, see
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Refs. 1 and 2). As a result of these deformations, the triad of
unit vectors originally designated as ex, ey, ez are rotated at a
general point along the elastic axis away from the fixed
Cartesian coordinates, x, y, z into a new set of orthogonal
unit vectors: exl, eyl, ezl. Using the results of Ref. 1 (Eq. A-9)
and neglecting terms of fourth and higher orders (i.e., prod-
ucts of four displacements or their derivatives) yield the
following expression for this transformation:

v t X e (la)

As might be expected (note that only the angle <J> and
derivatives of v and w are involved) and as will be shown
later, this transformation influences only the contributions of
the cross- sectional rotations to the kinetic energy. It is well
known that these contributions are very small in the case of
slender rods and that, in fact, their influence on transverse
vibrations is usually negligible. Therefore, to minimize compli-
cations, the underlined terms in Eqs. (1) will be neglected
when they contribute to cross-sectional rotations, but not
when they contribute to translational displacements. This is
equivalent to neglecting the products of elastic rotations com-
pared with unity.

If the Bernoulli-Euler hypothesis is assumed to apply (for
details, see Ref. 1), then the position vector of any point after
deformation is given by

ez + yeyl + zez (2)

where ^ is the warping displacement of the cross section,
which is to be assumed small compared to v and w. Substitu-
tion of Eqs. (lb) and (Ic) into Eq. (2) yields

R= [x + u + 4>-y(v,x + <j>w,x) -z(w,x-<l>v,x)]ex

(3)-f [ w + $\v,x+y<fr + z] ez
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The velocity of each material point at any moment is
obtained by differentiating Eq. (3) with respect to time. As-
suming that the contributions of warping to the velocities are
very small and can be neglected, we obtain

R ex

(4)

The total kinetic energy T is obtained by integrating over
the whole rod volume; i.e.,

^T fL( I'p(R-R)dAdx
£ Jr\ J J A

(5)

where p is the mass density of the rod, which may be a
function of x, y, or z, and A the rod cross section.

Substituting Eq. (4) into Eq. (5) and integrating over the
cross-sectional area yields

+ 2m [ ~ycgu( v,x + <f»

-zcgu( w,x - <K* - $

+ycgw$] + MIyy(v,x

+ MIZZ (w,x-<j>v,x-<

dx (6)

where m is the mass per unit length of the rod and ycg and
zcg the cross-sectional coordinates of the center of mass,
defined as follows:

(7b)

The components of the mass moment of inertia per unit
length MIfj is given by

(8a)

(8b)

(8c)= / fyz&A

Without any basic problems, it is possible to continue the
derivation using the complete expression for the kinetic energy
[Eq. (6)]. For many practical applications, however, certain
assumptions can be made that result in significant simplifica-
tions in the kinetic energy expressions without appreciable
degradation in the accuracy results. These assumptions are as
follows:

1) ycg and zcg are small enough such that, while their
products with quadratic terms of the displacements and lower
powers are retained, terms of higher order than quadratic
including ycg and zcg may be neglected.

2) The components of the mass moments of inertia are
small enough such that their products with terms of order
higher than third in the angular displacements are neglected.

As a result of the last assumptions, the expression for the
kinetic energy [Eq. (6)] becomes

T= -^ I [ m ( w 2 + v2 + w2) + 2mycgw<j> — 2mzcgv<j>

+ MIyy(v2
x + <f>2 + 2vtX$wtX + 2vtXwtX$)

+ MIzz(w2
x + <j>2 4- 2vtX$wtX - 2i>,xwtX<fr)

+ MIyz(i>tXw,x + w,x<f>w,x + w*x<t> - v,x<j>v,x - v*x<t>)\dx (9)

Following the same process applied in Ref. 1 (Eqs. 26 a-c, 36)
generalized coordinates are used to describe the elastic dis-
placements:

U== E <lu(n)FU(n)

> = E

'= E «„,.

TT-\

(lOa)

(lOb)

(lOc)

(lOd)

If the rod is assumed to be inextensible (as in Ref. 1), then
qu(n} is given by Eq. (39) of Ref. 1. Substituting Eqs. (10) into
Eq. (9) and carrying out the spanwise integration yields the
following expression for the kinetic energy:

+ EiHE

+ fi Ji

A^ %

+ E E '
Nv Nw N+

+ E E E

Nv Nw

+ E E «
7=1k=l

E Ees(

E E7=17-1=1 ^=1
X[ ̂ (y)

X

A^ AT, AT, A;

+ E E E E HH(jJl,j2,j3)4v(j)4o(j2)4u(jI')<Iv(j3)
y-i 71-1 72 = 173 = 1

A ,̂ AT, A^w ^

E E E E
(ii)
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where
Nu Nu

Ql\n,nl)Hl(n,j,jl)Hl(nlj2, j3)

L^, L*, Q^\n,nl)^^(n,k,k

(12a)

(12b)

porates the nonlinear terms. Vector { fm } can be described as

(17)

FMW(l , . . . , FMWkm , . . . , FMW(km} , . . (Nw}

The elements of [MJ and [M2] as well as those in Eq. (17) are
defined in Appendix B, the latter by Eqs. (B5).

As regards the solution of these equations, it should be
noted that if the displacements and velocities ( { q } and {q})
at a certain moment are known and the time history of the
applied load after this moment is also given, then integration
at Eq. (15) will yield the vector { q} at any moment afterward.

(12c)

The integrals QI-Q13 are defined in Appendix A. HI and
7/2 are defined by Eqs. (40a) and (40b) of Ref. 1.

The Equations of Motion
The Lagrangian3 of the system L is defined as

L = T- V (13)

where V is the total potential; it has been calculated in Ref. 1
for a rod that is acted on by a distributed conservative load. If
Lagrange's equations3 are applied, then the equations of mo-
tion become

_d_
dt

dT

dT

dT

dT

dV

dV

Vw (14b)

i, (14c)

The right-hand sides of Eqs. (14) have been derived in Ref. 1
and those derivations will be used in what follows. If Eq. (10)
is substituted into Eqs. (14) and the indicated differentiations
performed, the following equations of motion in matrix form
are obtained:

Small Vibrations Superimposed on Finite
Deformations

In this section, the case of small free vibrations superim-
posed on steady, finite predeformations (e.g., as would result
from transverse static loads) is considered. The initial static
loading vector is { fp }0 and it results in a generalized displace-
ment vector {<5r}0 that is not a function of time. The equi-
librium equation then becomes (see Eq. 15),

where, [K2]0 and {/5}0 are the special forms of [K2] and
(fs}9 respectively, in which (g}0 is substituted for {q}.

The small, free vibrations are defined by the vector {Ag},
which is a function of time. The resultant generalized displace-
ment vector becomes

(19)

Substituting Eq. (19) into Eq. (15), neglecting nonlinear terms
{A<7}, and using Eq. (18) result in the following equation:

(20)

The matrix [M2]0 is obtained by substituting (g}0 into
Eqs. (B4) of Appendix B. Similarly, [A^2] is obtained by
substituting Eq. (19) into Eq. (28) of Ref. 1, assembling [K2]
according to Eq. (32c) of Ref. 1, and retaining only linear
terms in {Ag}. The vector {A/5} is obtained by substituting
Eq. (19) into Eq. (51) of Ref. 1 and again retaining only linear
terms in {Ag}.

According to the above definition of [A K2] it is possible to
define a new matrix [^4] such that

(21)

where the rth column of [K4]0 is

where { q } is the vector of unknowns defined as

The square matrices [^JJ^lJ^l and the vectors [fp] and
[/5) are defined in Ref. 1. (The curvature model used is that
developed in Appendix A of Ref. 1.) Matrix [MJ is an
assemblage of linear inertia elements, while matrix [M2] incor-

M(l,r)

^4(2, r)

^4

[K2 l<r<N

(22)

The derivatives of [K2] with respect to q(a) have been defined
in Ref. 1 (the matrices g(r)) and are given by Eqs. (52a) and
(52b) of that reference.

The vector {A/5}, according to its definition above, can be
described as follows:

(23)
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where the a, ft element o t [ K 5 ] Q is

d

Table 1 Rod properties

K<, Uc«>) (24)

Detailed expressions for ^5(a ^ are given in Appendix C.
Comparison of Eq. (22) with Eq. (C3) reveals that the contri-
bution to [K5] of the first term on the right side of Eq. (C3) is
exactly the transpose of [K4]. Taking advantage of this fact
reduces the amount of calculation. Since the contribution of
the second term on the right side of Eq. (C5) yields a symmet-
ric matrix, it is clear that the sum ([^4]0 + [AT5]0) forms a
symmetric matrix. Since we are concerned here only with
small, free undamped vibrations, Ag can be expressed as a
pure sinusoid in time; i.e.,

(25)

where {/A} is the generalized mode shape and <o the natural
angular frequency of that mode.

Substitution of Eqs. (21), (23), and (25) into Eq. (20) yields
the final,equations of small natural vibrations superimposed
on the finite deformations of the rod,

where:

[M 0 ]=[M 1 ]+[M 2 ] 0

(26)

(27a)

(27b)

Thus the" solution procedure includes the following steps:
1) The deformation of the rod under the static load {q} 0 is

calculated by the method outlined in Ref. 1.
2) The matrices [M2]0, [ K 2 ] 0 , [ JT4]0, [K5]0, and [M2]0 are

assembled as described in the text between Eqs. (20) and (24).
3) The matrices [KQ] and [M0] are assembled according to

Eqs. (27).
4) The eigenvalue problem [Eq. (26)] is solved and the

frequencies and mode shapes are obtained.

Results and Discussion
To check the accuracy of the model derived above, the

theoretical results are compared in this section with existing
experimental and other theoretical results.4'5

The case under consideration is shown in Fig. 1. A canti-
levered rod is loaded transversely by a tip weight that causes a
substantial deformation. Then, the deformed rod is excited in
both the flatwise and edgewise directions (z and y, respec-
tively) and the frequencies of the first natural mode in each
direction is found. The experiments included changes in the
tip weight magnitude and the load angle y (see Fig. 1). Two
aluminum rods with identical rectangular cross sections but
different lengths have been used. The rod properties are
outlined in Table 1.

In Ref. 2, the value for El was taken as that which made
the theoretically predicted deflection match experiment for
one specific load angle. This provided a structural base from
which nonlinear effects as influenced by load angle changes
could be assessed. It was not possible to determine EI^
directly from the static experiments, so its value was obtained
by dividing EI^ by 16, based on a cross-sectional width-to-
thickness ratio of 4. All the properties used here except for
Elft are identical to those which were used in Ref. 2 in
calculating the static behavior of a similar rod. The value of
El K has been changed from the Ref. 2 (2.2668 N - m2) value
in the calculations reported in this paper so as to make the
theoretical value of the first flatwise frequency with zero tip
weight match the experimental value given in Ref. 4.

Principal bending stiffness components

Torsional rigidity GJ
Mass per unit length m
Mass moment of inertia components

Length
Rod I
Rod II

36.2695 N • m2

2.4783 N • m2

2.9623 N • m2

0.11317 kg/m

1521.1-10~9 k g - m
95.07 • 10~9 kg -m

0.508 m (20 in.)
0.762 m (30 in.)

TIP WEIGHT

GRAVITY
DIRECTION

Fig. 1 Rod and tip weight before deformation.

The tip weight is modeled as a concentrated mass and
moment of inertia. Mathematically, this is achieved by using
the Dirac (impulse) function. Exact analytic expressions exist
for the integrals associated with these Dirac functions.

The frequency of the first flatwise mode of rod I is pre-
sented in Fig. 2 for three tip weights: 4.448, 8.896, and
13.344 N (1, 2, and 3 Ib, respectively), as a function of 0-90
deg load angles (0 < y < 90 deg). The results of the present
theory are compared in this figure with three other sets of
results for the same cases: 1) the experimental results of Refs.
4 and 5; 2) results of a linear calculation (where { q}Q is taken
equal to zero in the present analysis); and 3) the theoretical
results presented in Refs. 4 and 5. In all cases, the results of
the present theory agree quite well with the test results,
showing smaller deviations from the experimental points than
the theoretical results of Refs. 4 and 5. The improved predict-
ions clearly are associated with including higher-order terms
in the strain expressions, since dropping such terms in the
present calculations caused larger discrepancies as compared
to the experiments. It is noteworthy, however, that at a tip
weight of 8.896 N (2 Ib) the trends associated with the
theoretical results of Refs. 4 and 5 differ from those given by
experiment. No theoretical results from Refs. 4 and 5 are
shown in Fig. 2 for the highest load; the static load results for
that case appear to predict unbounded values of deformation.
The present mathematical model continues to show reasona-
ble trends for all tip weights, even as higher-order terms are
dropped. As would be expected, the results of the linear
analysis are unaffected by changes in load angle, which is also
shown in Fig. 2.

These results show that, at zero load angle, the flatwise
frequency is lower than predicted by linear theory. As the load
angle is increased, the frequency also increases; at 90 deg, its
value is higher than that given by the linear prediction. As
would be expected, such nonlinear influences increase as the
tip weight and, thus, the static predeformations increase. The
percentage increase in the frequency at y = 90 deg over the
linear result is shown by Fig. 2 to be 2, 6, and 10% for tip
weights of 4.448, 8.896, and 13.344 N, respectively. Since this
corresponds to predeformation amplitudes of 16, 29, and 40%
of beam length, this provides some indication of the measure
of the influence of the predeformations on the first flatwise
natural frequency.
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TIP WEIGHT=4.448N ( l i b s )

T IP WEIGHT=8 .696N ( 2 l b s )

nnl——

——— Present Method
--— Refs. (4 ,5)
•---- Linear
a Experimental Results

( R e f s 4 , 5 )

0.00 20.00 40.00 60.00 80.QO
LOAD ANGLE,/ (DEGREES)

Fig. 2 Rod I: first flatwise natural frequency as a function of load
angle and tip weight.

4.oq

TIP WEIGHT= 4.448 N ( l i b s )

TIP WEIGHT=8 .896N (2 lbs)

TIP WEIGHT = I3.344(3lbs)

—— Present Method |
——— Refs(4,5) >Theory
—----Linear J

a Experimental Results (Refs4,5)
______I i I i | i | i

o.oo ao.oo 40.00 eo.oo eo.oo
LOAD ANGLE,r (DEGREES)

Fig. 3 Rod I: first edgewise natural frequency as a function of load
angle and tip weight.

——— Present Method 1
——— Linear j Theory

a Exper imenta l Results Refs (4,5)

Figure 3 presents for the first edgewise mode, the same
comparisons as Fig. 2 for the first flatwise mode. Here again,
it can be seen that the agreement between the results of the
present theory and experimental results is very good. The
influence of the load angle in this case, however, is different
from the case of the flatwise mode. At zero load angle, linear
and nonlinear analyses give practically identical results. As
the load angle increases, the first edgewise frequency de-
creases. At a load angle of 90 deg and tip load of 4.448 N
(1 Ib), the reduction in frequency due to nonlinear effects is
5%. Such reductions due to nonlinear effects are 13 and 19%
for tip weights of 8.896 and 13.344 N (2 and 3 Ib), respec-
tively. In general, it seems that the influences of nonlinear
effects on edgewise modes are larger than on flatwise modes.

In Figs. 4 and 5, the first flatwise and edgewise natural
frequencies of rod II are presented as functions of the tip
weight and load angle and compared with test results from
Refs. 4 and 5. The behavior and trends for rod II are similar
to those obtained for rod I and the agreement between the
results of the present nonlinear theory and experiment is
good. Theoretical results were not available for this case from
Refs. 4 and 5.

Figure 6 presents the first flatwise frequency for both rods
as functions of the tip weight at a load angle of zero degrees
(y = 0 deg). The predeformation in this case consists only of
edgewise displacements v. Both the linear and nonlinear re-
sults of the present theory are, again, compared to the experi-
mental results from Refs. 4 and 5. The agreement between
experimental and nonlinear theoretical results in this case is
also very good. The errors inherent in the linear mathematical
model increase, as could be expected, as the tip weight is
increased, yielding higher and higher frequency predictions
relative to the correct values. The trend of these curves indi-
cates that, at a certain static load level, the first flatwise
natural frequency will become zero, thus suggesting a lateral-
torsional buckling of the cantilevered rod.6

D 0____0

20.00 40.00 60.00 80.00
LOAD A N G L E , / ( D E G R E E S )

Fig, 4 Rod II: first flatwise natural frequency as a function of load
angle and tip weight.

Plots of first natural bending frequencies for rods I and II
are given in Fig. 7 for the edgewise case, as they were for the
flatwise bending in Fig. 6. In this case, however, the results of
linear and nonlinear models are practically identical and show
very good agreement with the experimental results.

It is noteworthy that numerical investigations showed that
even in these cases, in which a tip mass whose dimensions are
relatively large compared to those of the beam cross section is
present, but which may be considered concentrated relative to
beam length, the influence of mass moments of inertia is very
small and may be neglected from a practical point of view in
predicting the lowest mode natural frequencies.
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TIP WEIGHT = 4.448N ( l i bs )

-5.UU —

i FTIP WEIGHT=8.896 N (2 Ibs)

Present Method Theory---- Linear
a Experimental Results

(Refs 4,5)

I i I I I i
0.00 20.00 40X)0 60.00 80.00

LOAD ANGLE, r (DEGREES)

Fig. 5 Rod II: first edgewise natural frequency as a function of load
angle and tip weight.

Experiment Refs (4,5)
Present Theory
L inear Theory

ROD -I
a

------

ROD-U
O

— _ _ —

16.0 24.0 32.0
TIP WEIGHT

Fig. 6 First flatwise natural frequency as a function of tip weight, at
zero load angle (7 = 0 deg).

Exper iment Re fs (4,5)
Present Theory
Linear Theory

ROD -I
a

------

ROD-U
O

' —— _ _ ——

'800- 10.00 (Ibs)
____I

16.0 24.0 32.0

Tl P W E I G H T

Fig. 7 First edgewise natural frequency as a function of tip weight, at
zero load angle (7 = 0 deg).

Summary and Conclusions
A theory for analyzing the dynamics of a rod undergoing

small strains and moderate elastic rotations has been devel-
oped. Lagrange equations were used to derive the equations of
motion. The addition of a generalized coordinate description
for deflections resulted in an efficient mathematical method.

The structural contributions were accounted for by apply-
ing a recently developed "principal curvature transformation."
This method proved to be accurate and efficient in the nonlin-
ear analysis of rods under static loads.

In deriving the kinetic energy, warping and transverse shear
deformations have been neglected, but all slender rod in-
fluences were accounted for, including cross-sectional mass
center offset and mass moments of inertia. After area integra-
tion for these properties, however, products of the cross-sec-
tional mass moments of inertia with certain higher-order
terms, as well as products of center of mass offset with certain
other higher-order terms were neglected. While these assump-
tions significantly decreased the manipulations required in the
derivations, all those terms could be retained if necessary. A
derivation identical in principle to the one presented, but
much more tedious in the number of terms carried, would lead
to the final and complete equations.

A perturbation of the equations of motion yielded the
system of equations governing the small vibrations of a rod
deformed by an initial, steady load. Solving this eigenvalue
problem yielded the natural frequencies and mode shapes of
those vibrations.

The theory has been validated by applying it to cases for
which experimental results are available. Very good agreement
was obtained. As expected, nonlinear effects increase as the
magnitude of predeformations increase. There are different
trends in the influence of nonlinear effects for flatwise or
edgewise modes. The influence of apparantly substantial mass
moment of inertia on the frequencies of the lowest modes
appears to be insignificant. Although beyond the scope of this
paper, the current theory inherently seems to contain the basis
for coupled bending-torsion buckling, as evidenced by the
reduction of the first flatwise frequency toward zero as the
magnitude of the steady static load increases.

Appendix A
The generalized components of the mass matrix are defined

as

24,\k,kl} ' • (LMI2ZFW('k)FW('kl)dx
J(\

C dx

- 2mZcgFV(j)F$(() dx

F dx

MI

, = 2J\MIyy - MI^FV^

(Al)

(A2)

(A3)

(A4)

(A5)

(A6)

(A7)

(A8)

,dx (A9)

,dx (A10)
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O d*

dx

dx

where:

(All)

(A12)

(A13)

(A14)

(A15)

(A16)

Appendix B: Matrices [M1], [M2] and Vector { fm }
The linear matrix [AfJ is an assembly of the following

submatrices:

y, jl<Nv

[LMl] [LM2] [LMl]
[LM4] [LM5] [LM6]
[LMl] [LM8] [LM9]

(Bl)

where
[LMl] is an Nv X A^ matrix with elements

[LN2] is an AT, X Nw matrix with elements

LM2(jm,k) = Q6(jm,k)/2

[LMl] is an AT, X N+ matrix with elements

LMl(jm^ = Ql(jm^/2

[ LM4] is an Nw X A^ matrix with elements

[ Lm 5] is an Nw X A^w matrix with elements

= 3 4- 4

(B2a)

(B2b)

(B2c)

(B2d)

(B2e)

(B2f)

(B2g)

(B2h)

(B2i)

The matrix [M2] is a nonlinear inertia matrix which is an
assembly of the following submatrices:

[LM6] is an Nw X JV^ matrix with elements

LM6(,wX) = 28(,wV2

[LM7] is an A^, X Nv matrix with elements

LM\tm^-Q\j,{m)/2

[LM8] is an A^ X Nw matrix with elements

[ LM9] is an A^ X N^ matrix with elements

[M2] =
[NMl] [NM2] [NM3]
[NM4] [NM5] [NM6]
[NMl] [ATM8] [NM9]

(B3)

where:
[7VM1] is an A^ X Nv matrk with elements

€=\

72
HH(jm,j,k,kl)(lv(jl)(l v ( j 2 )

[NM2] is an A^ X JVW matrix with elements

is an A^ X A matrix with elements

[7VM4] is an A^ X A/^ matrix with elements

/=!

I V^1 V

+ I£*?i

is an Nw X Nw matrix with elementsw w

[NM6] is an A^ X A/^ matrix with elements

, Nw

w(k)

[ATM7] is an A^ X Nv matrix with elements

is an A?, X A^ matrix with elements

= 1 Vfm,k) O L*i

is a zero N^ X A^ matrix.

(B4a)

(B4b)

(B4c)

(B4d)

(B4e)

(B4f)

(B4g)

(B4h)
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The elements of the vector {fm} (Eq. 17) are defined as where [DE3(a ft}] is an N e X N matrix defined as
follows:

+ L L

L L

N,, N,, Nw

(B5a)

(B5b)

(C5)

Using the results of Appendices B and C of Ref. 7 [in
particular, Eqs. (C22)-(C30)], one obtains

[D13VV] 0 0
[D15VV] 0 0

0 0 0
(C6)

in which is a ^e x Nv matrix whose elements are

(C7)

and [J915FK] is a A^ X A^ matrix whose elements are

(C8)

\E E
(B5c)

2)l<a<Nv; Nv

3) AT, < a < Ne + Nw; 1 < ft < Nv or

(C9)

Appendix C: Matrix [K5]Q
According to Eqs. (51) and (52a) of Ref. 1, /J(r) is defined

as follows:

where:

(C2)

On the right side of Eq. (C2), only the matrix [DD\r)] is a
function of {</}.

Substitution of Eq. (Cl) into Eq. (24), using the symmetry
of [Q(r)] as denned by Eq. (C2), yields

(C3)

where {/i(/8)} is an TV-dimensional vector. The /?th element of
this vector is equal to unity, while all of the other terms are
equal to zero. The matrix [Q(a^)] is formed from the deriva-
tive of the matrix [2(a)] with respect to q,^. Differentiation
of Eq. (C2) yields:

4) Ne<a

S-a-Ne;f=0-N,

'[D13WW] [D14WW] 0
[D13WW] [D14WW] 0

0 0 0

(CIO)

(Cll)

(C12)

in which [D13^H^] is a NveXNv matrix whose elements are

[D14WW] is a Nve X Nw matrix whose elements are

(C14)

is a Nwe X Nv matrix whose elements are

n.J,,,f) (CIS)

and [D16WW] is a NweXNw matrix whose elements are

D16WW =9/797 fPI^^.LurK rr(km,k) ^^^'(km, k,f, s) V^±u/

(C4) (C17)
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